Abstract. In [2] an invariant of metric spaces under bornologous equivalences is defined. In [3] this invariant is extended to coarse equivalences. In both papers the invariant is defined for a class of metric spaces called sigma stable. This paper extends the invariant to all metric spaces and also gives an example of a space that is not sigma stable.
Introduction
Large scale geometry is the study of the large scale structure of metric spaces. Continuity is a small scale property of a function; one only needs to check the property for small distances. A property dual to continuity (in fact uniform continuity) is bornology. A function f : X → Y is bornologous if for each N > 0 there is an M > 0 such that for every x, y ∈ X, if d(x, y) ≤ N , d(x, y) ≤ M [4] . Notice the only change from the definition of uniform continuity is the swapping of the orders of the real numbers N and M in the latter part of the statement. Bornology is a large scale property of a function; one only needs to check the property for large distances.
Roe [4] defines the coarse category with metric spaces as objects and close equivalence classes of coarse functions as morphisms. We say two functions f : X → Y and g : X → Y are close if there is some constant K with d(f (x), g(x)) ≤ K for all x ∈ X. A function is metrically proper if the inverse image of bounded sets are bounded. A function is coarse if it is bornologous and proper. Two metric spaces X and Y are coarsely equivalent if there are coarse functions f : X → Y and g : Y → X such that g • f is close to the identity function on X and f • g is close to the identity function on Y .
It is of interest to study the isomorphisms of the coarse category: when are two metric spaces coarsely equivalent? Typically to show two spaces are coarsely equivalent we construct the coarse functions f and g that form the coarse equivalence.
The basic example of coarsely equivalent metric spaces is R and Z under the usual metrics. We take f : Z → R to be the inclusion function and g : R → Z to be the floor function. It is an easy exercise to check that these functions form a coarse equivalence.
How do we show that two spaces are not coarsely equivalent? We cannot check that all possible functions do not form an equivalence. In [2] an invariant of metric spaces under bornologous equivalences is defined. This invariant provides a way to detect if two spaces are not bornologously equivalent. The bornologous category is a more restrictive category than the coarse category; the compositions are required to be the identity on the nose. Equivalently, a bornologous bijection f : X → Y whose inverse is bornologous is required. Thus if two spaces are bornologously equivalent then they are coarsely equivalent. In [3] the invariant is extended to the coarse category. In both of these papers the invariant is only defined for a class of spaces called σ-stable spaces. In this paper we simultaneously extend the results from [2] to the coarse category and to all metric spaces.
We review the construction from [2] . Suppose N > 0. Given a metric space X and a basepoint x 0 ∈ X, an N -sequence in X based at x 0 is an infinite list We are only interested in sequences that go to infinity. An N -sequence x 0 , x 1 , x 2 , . . .
We want to consider an equivalence relation between sequences. Given two N -sequences s and t in X based at x 0 that go to infinity define s and t to be related, s ∼ t, if s is a subsequence of t or t is a subsequence of s. If t is a subsequence of s we say that s is a supersequence of t. Define s and t to be equivalent, s ≈ t, if there is a finite list of sequences s i such that s ∼ s 1 ∼ s 2 ∼ · · · ∼ s n ∼ t. Let [s] N denote the equivalence class of s and let σ N (X, x 0 ) be the set of equivalence classes.
For each integer N > 0 there is a function φ N :
If X is σ-stable define σ(X, x 0 ) to be the cardinality of σ K (X, x 0 ). The following theorem of [2] says that it is an invariant. Theorem 1.1. Suppose f : X → Y is a bornologous equivalence between metric spaces. Let x 0 be a basepoint of X and set y 0 = f (x 0 ). Suppose X and Y are σ-stable. Then σ(X, x 0 ) = σ(Y, y 0 ).
The invariant
We wish to extend the above invariant to all metric spaces. We do so by considering the direct sequence {σ N (X, x 0 ), φ N }. A direct sequence of sets is a family of sets {X i }, i ∈ N, together with a family of functions {φ i : X i → X i+1 } called bonding functions [1] . For i < j we write
We also let φ ii be the identity on X i .
Typically a morphism between direct sequences are defined as level morphisms. We find it more convenient to allow more general morphisms. We define a morphism from a direct sequence {X i , φ i } to a direct sequence {Y i , ψ i } as a sequence of functions
We can assume that u(i) ≥ i. If not, we create the new sequence of functions {f
We define two direct sequences {X i , φ i } and {Y i , ψ i } to be equivalent if there are morphisms {f i :
If two direct sequences are equivalent then there is a bijection between the corresponding direct limits (see the Appendix). Notice that in the case of a σ-stable space X, we have that the cardinality of σ(X, x 0 ) is equal to the value σ(X, x 0 ) defined in [2] and [3] so this definition can be thought of as a generalization of that concept that applies to all metric spaces.
First we show that the choice of basepoint does not matter. Thus we can suppress the notation for basepoint and just write ind-σ(X).
Proposition 2.2. Let X be a metric space with basepoint x 0 . Given y 0 ∈ X, ind-σ(X, x 0 ) is equivalent to ind-σ(X, y 0 ).
. ., to the equivalence class of the sequence y 0 , x 0 , x 1 , x 2 , . . .. For N ≥ M , we define f N : σ N (X, x 0 ) → σ N (X, y 0 ) in a similar fashion, attaching the point y 0 to the beginning of a sequence. We define functions g N :
Let us see that the composition g M • f N is equal to φ N M for N < M . The composition sends the equivalence class of a sequence x 0 , x 1 , x 2 , . . . to the equivalence class of a sequence x 0 , y 0 , x 0 , x 1 , x 2 , . . . which is clearly the same as the equivalence class of x 0 , x 1 , . . .. Similarly we have that the composition g N • f N is equal to the identity on σ N (X, x 0 ) for N ≥ M . The opposite compositions are similar as well.
Theorem 2.3. Suppose X and Y are coarsely equivalent metric spaces. Then ind-σ(X) is equivalent to ind-σ(Y ).
Proof. Suppose f : X → Y and g : Y → X make up the coarse equivalence. Given N ∈ N, since f is bornologous there is an M > 0 so that if d(x, y) ≤ N , d(f (x), f (y)) ≤ M . We can assume M is an integer greater than N . Set f (x 0 ) = y 0 . Thus we have a well defined function f N : σ N (X, x 0 ) → σ M (Y, y 0 ) that sends the equivalence class of a sequence x 0 , x 1 , . . . to f (x 0 ), f (x 1 ), . . ..
For the opposite morphism, let K be an integer so that d(g(f (x)), x) ≤ K for all x ∈ X. Given N ∈ N, since g is bornologous there is an M > 0 so that if d(x, y) ≤ N , d(g(x), g(y)) ≤ M . We can take M to be an integer greater than N and K. We define a function f N : σ N (Y, y 0 ) → σ M (X, x 0 ) that sends the equivalence class of a sequence y 0 , y 1 , . . . to x 0 , g(y 0 ), g(y 1 ), . . ..
We check that the following diagram commutes. Figure 1 . The two sequences are equivalent.
The proof that the diagram below commutes is similar.
. A space that is not σ-stable
As motivation for the generalization of the construction of [2] to all metric spaces we give an example of a space that is not σ-stable. This example will also serve as an illustration of the invariant and as motivation for the use of direct sequences rather than merely a direct limit.
Given a family of pointed metric spaces (X α , x α ) we define their metric wedge (X α , x α ) as the wedge with the following metric. Given x, y ∈ (X α , x α ),
Let the open book B be the metric wedge of rays B i = [0, ∞), i ∈ N, based at the points 0. Denote the wedge point as x 0 . Lemma 3.1. Suppose s is an N -sequence in B based at the wedge point x 0 that goes to infinity. Then there is an M > 0 and k ∈ N so that for each n ≥ M , s n lies on the ray B k . Further, if t is an N -sequence in B based at the x 0 that goes to infinity with t ∼ s, then there is an R > 0 such that for all n ≥ R, t n lies on B k . Proof. Since s goes to infinity there is a M > 0 such that d(s n , x 0 ) ≥ N + 1 for all n ≥ M . Say s M ∈ B k . Since the distance from s M to any other ray is at least N + 1, s M+1 must also lie on B k . By induction, we can see that s n lies on B k for all n ≥ M .
Since t goes to infinity, there is P > 0 such that d(t n , x 0 ) ≥ N + 1 for all n ≥ P . Choose R ≥ P so that t R = s n for some n ≥ M . Thus t R is on B k . We have t n lying on B k for all n ≥ R as above. We create a new sequence r equivalent to t whose terms all lie on B k . We can then see that r is equivalent to s k as in the proof of [2, Theorem 3.6]. We know that t m lies on B k for m ≥ M . Let t q be the first term of the sequence that is not the basepoint or a point on B k . If no such point exists we are done. Let t p be the first point of the sequence after t q that is the basepoint or a point on B k . Define r 1 to be the sequence t 0 , . . . , t q−1 , t p , t p+1 , . . .. Now t q−1 and t p both lie on B k and are distance at most N from the basepoint. Thus d(t q−1 , t p ) ≤ N so r 1 is an N -sequence and t ∼ r 1 . We continue by induction, finally defining a sequence r whose terms all lie on B k .
We define a subspace of B that we call the discrete open book D. Let D i = {in : n ∈ N ∪ {0}}. Thus D i has points that are distance i apart. Define D = D i based at the points 0. Again, denote the wedge point as x 0 . The following theorem implies that D is not σ-stable. Proof. The proof is similar to that of Theorem 3.2. Given [t] ∈ σ N (D, x 0 ), by Lemma 3.1 there is an M > 0 and k ∈ N so that for all m ≥ M , t m lies on B k . The difference here is that we must have k ≤ N since the distance between successive points on D k is k and t is an N -sequence that goes to infinity. The previous corollary illustrates the power of studying the direct sequence rather than merely the direct limit. We have that σ(D) ∼ = σ(B) ∼ = N.
